Topological superconducting phases with time-reversal (TR) symmetry have been widely explored in recent years. However the involved unconventional pairings are generally implausible in realistic materials. Here we demonstrate via detailed self-consistent calculation that these topological phases with TR symmetry in DIII and BDI classes can be realized in a spin-orbit coupled bilayer system with only s-wave interaction. The bilayer freedom enables the definition of TR symmetry between the layers even in the presence of local Zeeman fields, which we propose to be realized using four laser beams. The gapped phase in DIII class is characterized by Z2, while all the gapless phases in these two classes are characterized by nontrivial winding numbers and are also manifested from the Majorana flat bands. We also unveil the intimate relation between TR symmetry and mirror symmetry due to phase locking effect between the two layers, which harbors the mirror symmetry protected topological phases. We finally demonstrate that these phases will not be spoiled by interlayer pairings.
There is a major effort in realizing unpaired Majorana fermions (MFs) in both condensed matter physics and cold atom physics, which have important applications in topological quantum computations [1] . These systems include p-wave superconducting phases in Sr 2 RuO 4 [2, 3] , Helium-3 [4] and fully spin polarized ultracold atoms [5, 6] , and the ν = 5/2 fractional quantum Hall state [1, 7] . Unfortunately, whether these systems can be used to realize the elusive MFs is still a controversial issue due to the lacking of convincing evidences. The conceptional breakthrough in recent years is based on the idea that these exotic quantum phases can be realized using the conventional s-wave interaction, spin-orbit coupling (SOC) and Zeeman field [8] [9] [10] [11] . Very recently some pioneering experiments both in one-dimensional (1D) nanowires and iron chain on the realization of MFs has been carried out [12] [13] [14] [15] [16] . Remarkably, the localized wave functions at the two ends with zero eigenenergy have been identified [16] , which provide important evidence for the realization of MFs. These systems belong to topological D class from the Cartan classification due to absence of time-reversal (TR) symmetry [17, 18] . In all these systems only the topological protected gapped phase can be realized, while the topological phase transition is characterized either by the Chern number of the occupied bands, or somewhat equivalently the Pfaffian (Pf) of the Hamiltonian at the particle-hole (PH) invariant point(s) [19] .
These progress strongly stimulates the persuit of topological superconducting phases with TR symmetry. However, these fantastical phases generally involve some unconventional p x + ip y [20] , d x 2 −y 2 [21] [22] [23] [24] [25] and s ± [26] [27] [28] pairings, which are implausible in realistic materials. Therefore we have the intriguing question that whether there phases can exist with only s-wave interaction? Here, instead of seeking for other new materials, we explore these phases in a synthetic bilayer system where the bilayer freedom enables the definition of nonlocal TR symmetry between the layers. While the single layer physics is well-known in some sense, we show that the interlayer tunnelings and TR symmetry can lead to fun- damentally different superconducting phases. We explore the topological protected gapped and gapless phases in both DIII and BDI classes in this platform, in which the fully gapped phase in DIII phase is characterized by Z 2 , while all the gapless phases are characterized by nontrivial winding numbers [29, 30] around the topological defects -the Dirac conesin momentum space and are also manifested from the Majorana flat bands (MFBs) [31] . We have proposed a scheme to realize some of these phases in experiments. These results are confirmed using detailed self-consistent calculation, in which the order parameters and chemical potential are determined by the extrema of the free energy. We also unveil the intimate relation between TR and mirror symmetries in our models due to phase locking effect between the pairings in the two layers, from which we realize some mirror symmetry protected gapped and gapless phases. We finally demonstrate that these phases will not be spoiled by the interlayer pairings. We expect these new phases to greatly enrich our understanding of topological superconducting phases and related transitions.
Results Physical Model. We first briefly discuss the topological superfluids in a single layer system, which has been intensively studied in recent years [32] [33] [34] [35] [36] . In this model the Zeeman field is used to break the Kramers degeneracy at zero momentum, so that the chemical potential can fill just one band, around which an effective p-wave pairing can be induced. We found that the topological phase can be realized in a narrow parameter regime even at finite temperature though the Zeeman field is (much) larger than the pairing strength [32, 33] , so the induced p-wave pairing provides a new mechanism to go beyond the Chandrasekhar-Clogston limit [43, 44] . The recent interests in this system also include the topological inhomogeneous superfluids [37] [38] [39] , the quench dynamics of the topological superfluids [40, 41] and the topological superradiant state [42] . Thus the exploring of these exotic phases in this model is still an important topic in modern research.
To explore an experimental realization of the topological phases with TR symmetry, we consider a two-dimensional (2D) bilayer system, see the schematic structure in Fig. 1 , which can be realized by imposing a strong double-well potential along the z direction [45, 46] . This synthetic structure has been widely used in recent literatures for realizing some exotic phases in solid systems [47, 48] . We first consider the case that both layers have identical SOC coefficients, V i so = (s i k y σ x − λ i k x σ y ), where λ i = α ′ and s i = α, i = 1, 2, are the SOC strength and σ α are the Pauli matrices, and identical spin-dependent tunnelings t ↑,↓ = t, but with different Zeeman fields Γ i . The SOC in ultracold atoms both for fermions and bosons has been extensively explored using two coupled Raman beams [49] [50] [51] [52] [53] [54] , and very recently, the required 2D SOC has been realized in 40 K [55] . The barrier width between the two layers can be controlled by the laser intensity in experiments thus we can safely assume that only the intralayer pairings, which can be defined as ∆ i = k g c ik↑ c i−k↓ , are important. Here g is the effective 2D interaction strength, c iks is the annihilate operator for particle with momentum k and spin s. The corresponding Bogoliubov-de Gennes (BdG) equation can be written as
with H 0 (k) being the single particle Hamiltonian
Here ǫ k = k 2 /2m − µ, and ρ ik = s i k y + iλ i k x , and the concrete form of∆ can be found in Methods (Eq. 31). We construct the BdG Hamiltonian in the Nambu spinor, Ψ = (c 1k↑ , c 1k↓ , c 2k↑ , c 2k↓ , c †
T . Notice that in ultracold atoms the order parameters and chemical potential should be solved self-consistently.
We define the TR operator T for the single particle Hamiltonian H 0 in Eq. 2 and T for the BdG equation in Eq. 1, while both T 2 = −1 and T 2 = −1 are required for the topological superfluids in DIII class. The realization of topological BDI class superfluids with T 2 = +1 and T 2 = +1 will be discussed later. Obviously, without the Zeeman fields, this model has a nonlocal TR operator T = ρ x ⊗ σ y K, where ρ α are Pauli matrices acting on the layer space and K is the complex conjugate operator. In this TR operator, the spin up (down) in one layer with momentum k is mapped to spin down (up) in the other layer with opposite momentum. This symmetry is still respected by the Zeeman fields when Γ 1 = −Γ 2 = Γ, which is the basic reason for the local Zeeman fields discussed before. These local Zeeman fields may be challenging to be realized in solid state system, however, in ultracold atomsin the ideal condition -it can be realized using the following spin-dependent optical lattice,
where the subscripts e and o represent an even and odd function of z, respectively. The first term describes the spinindependent symmetric double-well potential, which has been realized in experiments [45, 46] , and the second term means that the two layers have exactly opposite Zeeman fields. Such a structure can be realized using four counterpropagating laser beams (see details in Methods). An optical lattice that slightly deviates from the above scenario can still be used to realize the model with TR symmetry by fine-tuning the parameters. The TR symmetry for the BdG equation is defined as T = diag(T , e iφ T ), where φ is an arbitrary phase. The TR symmetry requires that T∆T −1 e −iφ =∆, namely, ∆ 1 = ∆ * 2 e −iφ . The phase φ is used to compensate the global phase of the order parameters such that only the relative phase between the two order parameters ∆ 1,2 is important. After self-consistent calculation (see details in Methods) we find that the two order parameters can be treated as real numbers simultaneously. More precisely, we find that the two layers can have zero relative phase and ∆ 1 /∆ 2 > 0 when the two tunnelings have the same sign; otherwise, the relative phase is π/2 and ∆ 1 /∆ 2 < 0. This effect is rather robust, and this feature is independent of other parameters such as binding energy, Zeeman fields etc. We further find that the relative phase between the two order parameters can only be introduced to the Hamiltonian by the complex tunneling terms. Hereafter, this effect is called the phase locking effect. For these reasons, throughout this work, we treat the two order parameters as real numbers in the numerical simulation. For this particular model we have
where τ 0 is a Paul matrix acting on PH space. The intrinsic PH operator is defined as C = τ x K, which ensures that
Hereafter, this model is dubbed as T xy model to distinct itself from the other models studied in the following.
The Λ operator in Eq. 4 is essentially the mirror symmetry operator since in our model only the k x component contains the imaginary number, which can change sign upon complex conjugation K. Thus we can define the mirror symmetry operator as M y = Λ, where
We can also define another mirror operator about k y -axis as M x = I · M y , where I = τ z ⊗ ρ 0 ⊗ σ z is the inversion symmetry operator, IH(k)I −1 = H(−k). In this case,
Notice that both M x and M y are unitary hermitian operators and their eigenvalues are either −1 or +1 since M 2 x,y = 1. These new symmetries can fundamentally change the topological invariant of the Hamiltonian in the mirror symmetric invariant 1D subspaces along k x and k y axes. To this end, we can diagonalize the mirror symmetry operators via a unitary transformation
, where I 4 is a 4 × 4 unity matrix and α = x, y. Under this transformation we have
where
1,2 can have totally different symmetries than the original Hamiltonian H. The concrete form of these matrices and their topological invariants can be found in Methods. For the T xy model considered here we find that both M x,y 1,2 belong to AIII class, while these two matrices are connected by TR symmetry and PH symmetry to recover the symmetries of the original Hamiltonian. In fact the consequence of mirror symmetry for any general Hamiltonian has been intensively studied in literatures [56] [57] [58] [59] 
. This quantity, M α ss ′ , is crucial to determine the possible symmetries of the mirror symmetric invariant subspaces, which are fully consistent with our direct calculations above. This method will be adopted to find all the possible mirror symmetric invariant Hamiltonians and their topological classes for all the models presented in Table I .
Topological phases in T xy model. We plot the phase diagram as a function of binding energy ǫ b and Zeeman field Γ in Fig. 2a , in which the number in each colored regime represents the number of robust Dirac cones. We find that the two fully gapped phases are separated by two gapless phases. The origin of these gapless phases can be understood using the following way. Due to the presence of both PH and TR symmetries, we can define a unitary sublattice symmetry S = T · C, which satisfies {S, H} = 0. We then diagonalize this sublattice operator via a unitary transformation V SV −1 = diag(I 4 , −I 4 ), under which we have The closing of energy gap means that both the real and imaginary part of Det(Q) should be zero simultaneously, which give the following two conditions,
where γ = (α ′ , α) and ∆ 1 = ∆ 2 = ∆. The first equation defines an ellipse and the second equation defines one circle or two circles, depending strongly on the values of the parameters. The robust gapless phases thus are determined by the overlaps between the ellipse and the circle(s), which may always have intersections in some appropriate parameter regimes. A topological explanation for the robust accidental degeneracy at the Dirac cones and the physical meaning of Eq. 9 will be presented shortly later. When t = 0, we find the first equation prohibits the gap closing and reopening at zero momentum, thus the topological phase transitions in this model will always take place at nonzero momentum (k = 0). This is in sharp contrast to the results in topological D class superconducting phases [12-16, 32, 33] where the critical boundary is only determined by the gap closing and reopening at k = 0. When t = 0, the critical boundary is reduced to,
which is well-known in previous literatures [12-16, 32, 33] . The phase diagram in Fig. 2a can then be understood from how the ellipse intersects with the circle(s). Starting from the fully gapped trivial phase at Γ ∼ 0 and gradually increases the Zeeman fields, we find that the ellipse will first intersect with two circles in the small binding energy regime (ǫ b < 0.3E F ), in which we observe a topological gapless phase with 8 Dirac cones. This topological phase transition will not take place at the k x and k y axes (see Fig. 2b ). With the further increasing of Zeeman fields, one of the circles will disappear when |µ| < √ Γ 2 − ∆ 2 and the system transits to the topological gapless phase with 4 Dirac cones when ǫ
2 with gap closing at the k y axis for the particular parameters used here (see Fig. 2c ). Finally, this phase will evolve to the fully gapped phase with gap closing and reopening along the k x axis (see Fig. 2d ). In the large binding energy regime, however, only one circle is allowed in the second equation of Eq. 9 so the fully gapped trivial phase directly enters the phase with 4 Dirac cones. However, this transition will be accompanied by a sudden jump of the order parameter during the topological phase transition, see Fig. 3a . The corresponding jump of the chemical potential is not shown. To understand this effect we calculate the free energy F as a function of order parameters in Fig. 3b , in which two degenerate local minima in F are clearly shown in the critical boundary. The interplay of these two minima gives rise to the jump of parameters in Fig. 3a . The jump of The MFB is used to connect the two defects with opposite chiralities (±1), which can be computed using W(k ) in Eq. 27. The MFB is shrunk to a single point when the line connecting the two defects perpendiculars to the strip direction.
these parameters is an important signal for phase separation (PS) [61, 62] . Fortunately using the method in Refs. [61 and 62] (see Eq. 18 in Methods) we find that the PS phase can only be survived in a narrow regime near the boundary between trivial gapped phase and the gapless phase with 4 Dirac cones.
Next we try to characterize the topology of each phase. We first focus on the fully gapped topological phase at strong Zeeman field, which is characterized by Z 2 from the Cartan classification [17, 18] . We employ the method developed by Qi et al [63] , N 2d = j sgn(δ jk ) pj , where δ jk = jk|iU∆|jk is the pairing gap at the jth Fermi surface with |jk being the eigenfunction of H 0 , and p j = 1 if the TR invariant point at k = 0 is enclosed by the Fermi surface and 0 otherwise. In this formula, U = ρ x ⊗ σ y and iU∆ = ρ x ⊗ I 2 is a Hermitian operator thus δ jk ∈ R. Notice that for a relative large pairing strength in this regime, we can always adiabatically deform this state to the weak pairing state near zero binding energy or large Zeeman field without closing the energy gap, thus this criteria can always be applied in this work to characterize the topology of this fully gapped phase. A lengthy but straightforward calculation shows that δ jk = 4∆(|t| ± |γ · k|)/(Γ ± Υ s ), where ± defines the upper and lower two bands and Υ s = Γ 2 + (|t| + s|γ · k|) 2 = 0. We immediately see from this result that δ jk can change sign only when the energy gap is closed at t ± |γ · k| = 0, which is exactly the first equation in Eq. 9. The second equation therefore determines the position of Fermi surface when ∆ = 0. Notice that the sign of δ jk is fixed in each Fermi surface. Then we find that in this regime, N 2d = −1. In this regime the chemical potential just fills the lower two bands while the upper two bands are unoccupied (see Fig. 4a ). The same method yields N 2d = +1 in the fully gapped trivial phase with small Zeeman field.
This topological gapped phase can support edge states for a strip along different directions; see Fig. 5a . Note that this gapped phase along k x and k y axes may also be protected by mirror symmetry. For this reason, we calculate the topological invariant -the winding number in 1D -in the mirror symmetric invariant subspaces M α 1,2 , which belong to AIII class with only sublattice symmetry. This mirror winding number W α is calculated using Eq. 27 (see Methods), which are W x = 1 and W y = −1. However, this mirror symmetry can not protect the edge states along other directions.
The topological gapless phases emerged in our model can not be characterized by the previous Z 2 index. Instead, we should use the winding numbers, or equivalently the chiralities, to characterize these topological defects in momentum space. In the vicinity of the defect, the effective Hamiltonian can be written as H eff = i,j=x,y v ij (k)δk i σ j , where k denotes the position of the defect. The chirality thus is defined as
is a matrix constructed by matrix elements v ij . We may also calculate the winding number W(k) using Eq. 21 for the BdG equation by considering a loop l : |k − q| = r around the topological defect. We have a general relation between these two invariants, W(k) = −ν(k) (see Eq. 25 in Methods). The TR symmetry plays a crucial role here because the two topological defects with opposite momenta (±k) should have the same chiralities and winding numbers. These defects can only be annihilated by fusing two defects with opposite chiralities. The neutrality of topological charge in the entire space means that some other two topological defects with opposite chiralities should be presented at some other momenta. For this reason, the system can only admit gapless phases with 4 or 8 Dirac cones. It is worth to emphasize that these gapless phases may be a general feature in all topological superconducting phases [26] [27] [28] .
The edge states in these gapless phases will exhibit some salient anisotropic features along different directions; see Fig.  5b . When the strip is along [110] direction, we observe two MFBs at finite momenta and one in-gap gapless linear excitation near zero momentum. The two MFBs are a typical feature in gapless phases [64] , which are used to connect the two Dirac cones with opposite chiralities. These MFBs are protected by topology thus is robust against perturbations. To this end, we can calculate the winding number W(k ) along an infinity straight line perpendicular the strip direction using Eq. 27 (see Fig. 4b ), where k is the momentum along the strip direction. We find that W(k ) = −1, which disappears only when a topological defect is encountered at DetQ(k) = 0. When the strip is along k x and k y directions, the Dirac cones with opposite chiralities are projected to the same points, thus the MFBs are shrunk to some single gapless points.
The second salient feature is about the topological invariant for a fully gapped 1D line in momentum space, which is also characterized by Z 2 . The definition of this topological index is identical to that in N 2d [20] . So in the gapless phase regime where the Z 2 index in 2D is ill-defined, we can still define the Z 2 index along some particular directions when the gapless defects are carefully avoided. We find that N 1d = −1 along both k x and [110] directions, thus for a strip along these directions we can observe some in-gap linear excitations near zero momentum as demonstrated in Fig. 5b . We also find N 1d = +1 when along k y direction since the gap closing and reopening in the 2D bulk takes place at the k x axis (k y = 0). As a consequence the in-gap linear excitation near zero momentum is absent. This result is consistent with the mirror winding number analysis which are W x = +1 and W y = 0.
The same analysis can be applied to the regime with 8 Dirac cones, where the major observations are quite similar to the other gapless phase. However, in this regime it is possible to realize W(k ) = 2 along some particular directionsfor instance [110] direction -with doubly degenerate MFBs near zero momentum; see Fig. 5c . Moreover, two MFBs can be found at nonzero momenta. We also found the Z 2 invariant is trivial (N 1d = +1) for a strip along any direction, while in the mirror invariant subspaces we find that the mirror winding number is W x = W y = 0, so we can not observe any gapless linear excitations near zero momentum in this phase.
While some of these phases are protected by both TR and mirror symmetries, we need to point out that the basic role of mirror symmetry played in this model is quite subtle. In the topological gapped phase we indeed find that the winding number in the mirror invariant subspaces are nonzero. Nevertheless if we artificially break the mirror symmetry by introducing a relative phase to the order parameters, we can still observe these edge states. This means that the TR symmetry is a more important protection in our model. However, in the BDI class phases below, we will show that the mirror symmetry will play the primary role in protecting the edge states in 
some parameter regimes.
Topological superfluids with other TR symmetries. Now we try to extend this idea to more general Hamiltonians by assuming that all coefficients -s i , λ i , Γ i and t σ -can be independently tuned in each layer. In this condition we can perform an exhaustive search strategy to find all possible models with TR symmetry, which belong to either DIII class with T 2 = −1 or BDI class with T 2 = +1. We first assume that the single particle H 0 has time-reversal symmetry T = UK, where U = ρ i ⊗ σ j and T H 0 (k)T −1 = H 0 (−k). With this operator, we can construct the TR operator for the BdG Hamiltonian, which can be defined as either T = τ 0 ⊗ UK or T = τ z ⊗ UK. For convenience this system is dubbed as T ij model. All the possible results using this method are summarized in Table I , in which only the models with nonzero tunnelings and nonzero SOC coefficients are presented. We find ten different models with TR symmetries, six of which can support nontrivial topological phases. Notice that some of these models require spin-dependent tunnelings, which may be realized by spin selective laser-assisted hopping between the two layers [65] and by modulating the spin-dependent optical lattice [66, 67] . The two layers with different SOC coefficients may need some more complicated laser configurations. There is an interesting relationship between the sign of SOC coefficients and spin-dependent tunnelings, namely, a sign flip for the SOC coefficients s 1 /s 2 and λ 1 /λ 2 is equivalent to a sign flip in t ↑ /t ↓ , which can be mapped to each other by a unitary transformation. Therefore the T xy and T yx , T xx and T yy , and T x0 and T xz are mathematically equivalent, although their physical realizations are totally different. Here we are interested in these models because all these phases may in principle be realized based on s-wave interaction in this versatile platform, where different phases are possible to be tuned to each other. In all these models, our detailed self-consistent calculation demonstrates that the intimate relation between TR and mirror symmetries is always respected due to the phase locking effect. We determine all the topological classes for the Hamiltonians in the mirror symmetric invariant subspaces using the method in Eq. 7, which are summarized in Table I . The analysis based on the parameter M α ss ′ is completely consistent with the direct analysis from the Hamiltonians [56] [57] [58] [59] . In all these models the subspaces can belong to AI, AIII and/or BDI classes, where the later two classes can support nontrivial topological phases in 1D [17, 18] .
We utilize the T x0 model as an example to highlight the unique features of topological superfluids in BDI class. This is also a physical model that may support topological protected MFs in 1D [60] . Unfortunately, this physical model may TABLE I. Symmetry table for all the possible superfluids with TR symmetry. The single particle TR operator is defined as T = UK, where U is shown in the second column. The relation between the coefficients Γi, si, λi, ti and ∆i are shown from column three to seven, in which the asterisk (*) means that their values can be arbitrary real numbers while 0/0 means that both the two parameters should be zero simultaneously. T is the TR operator for the BdG Hamiltonian and M α ss ′ defines the symmetry in the mirror invariant subspace. The last column shows whether topological gapped and/or gapless phases can exist (Y) or not (N) in some appropriate parameter regimes.
not have counterpart in solid state systems with 2D SOC, so the realization of topological gapped and gapless superfluids in BDI class is an important extension of our understanding of topological phases. For this model the TR symmetry requires s 1 = −s 2 = α, λ 1,2 = α ′ and Γ 1,2 = Γ (see table I ). Hereafter we focus on the case t ↑,↓ = t. The phase diagram from the self-consistent calculation is presented in Fig. 6a . To understand the origin of the gapless phases, we calculate the determinant of the Hamiltonian using the method in Eq. 8, which can be written as
A direct calculation shows that the gapless points can only happen along the k y axis (k x = 0). Furthermore we can verify easily that when Γ = 0, Det(Q) is always greater than zero when t = 0, so these topological superfluids are also driven by the Zeeman field. In fact we need to emphasize that this is a quite general feature for all the topological phases summarized in Table I . Mathematically, the polynominal equation Det(Q) = 0 can always have real solutions in some parameter regimes. In our numerical simulation, we find that the critical boundaries are also determined by three lines as a function of binding energy and Zeeman field. The two solid lines give topological transitions with gap closing and reopening at k = 0 and (t ± µ) 2 + ∆ 2 = Γ 2 ; see Fig. 6b -c. Obviously these two critical boundaries are reduced to the well-known result in Eq. 10 when t = 0. The dashed line is the gap closing and reopening at finite momentum (k x = 0, k y = 0); see Fig. 6d . These critical boundaries are totally different from the T xy model shown in Fig. 2 , which can have profound influence on the topological phases with slightly TR symmetry breaking; see below.
We find that in this model the order parameters and chemical potential are always a smooth function of Zeeman field and binding energy, so the PS phase discussed in Fig. 3 is not shown up. However, this model can exhibit some interesting features that not seen in the previous T xy model. We notice that when T 2 = +1 the two Dirac cones with opposite momenta have opposite chiralities (see an exact proof in Methods), so in principle, all the topological protected gapless superfluids with even number (≤ 8) of Dirac cones are admitted. Our crucial observations thus are in order. (1) We first focus on the fully gapped phases which in principle can not support topological phases in 2D from the standard table [17, 18] . However, mirror symmetry protected phases are still allowed, which can be characterized by the winding number defined in Eq. 27 along the mirror symmetric invariant subspaces. For the fully gapped phase at small Zeeman field (Γ ∼ 0), we find that the mirror winding numbers along k y axis are W y 1 ⊕ W y 2 = 0 ⊕ 0. Notice that the mirror symmetric subspaces along k x direction belong to AI class thus is always trivial in 1D [17, 18] . For this reason we do not observe gapless excitation for a strip along any directions (not shown in Fig. 7) . However, in the fully gapped phase at strong Zeeman field, we find that the mirror winding numbers are W y 1 ⊕ W y 2 = −1 ⊕ −1 and W(k = k y ) = +1, so we can observe robust gapless excitations for a strip along k y direction in Fig. 7a . (2) In the left phase with 2 Dirac cones, the mirror winding numbers are W Fig. 7a can also be observed in Fig. 7c . Meanwhile we can observe two MFBs at finite momenta due to the same reason discussed in T xy model. (4) In the regime with 6 Dirac cones, the mirror winding numbers are W y 1 ⊕W y 2 = −1⊕0, which are the same as the left gapless phase with 2 Dirac cones in Fig. 7b . In this phase regime we can observe three MFBs for a strip along k y and [110] directions in Fig. 7d , all of which will shrink to a single point for a strip along k x direction. (5) These mirror symmetry protected phases will be destroyed by mirror symmetry breaking terms, such as the relative phase between the order parameters.
Discussion and conclusion. Here we investigate the topological phases in ultracold atom systems due to their flexibility of tuning all the parameters in a wide range in experiments, which are challenging in solid state system. In Methods we have shown a concrete scheme to realize the bilayer structure with exactly opposite Zeeman fields. However, it is still very interesting to ask the basic question that what will happen under weak TR symmetry breaking? In this condition both the DIII and BDI class phases will be collapsed to D class phases [32, 33] , in which the topological phase transitions can be characterized by either Chern number or Pfaffian aforementioned and all gapless phases will be destroyed.
In the T xy model we find that all the phases under weak TR symmetry breaking have Chern number C = 0 and Pfaffian χ = sgn Pf(H(0)τ x ) = +1. This is due to the fact that all the energy gap closings and reopenings in this model take place at nonzero momenta, so the Pfaffian at zero momentum is unchanged. However, the BDI model can exhibit totally different behaviors due to the possibility of gap closing and reopening at zero momentum. So we find that the trivial gapped phase will have C = 0 and χ = +1, and the regime with 2 and 6 Dirac cones will have C = 1 and χ = −1, and the fully gapped topological phase and the regime with 4 Dirac cones will have C = 2 and χ = +1. In general, χ = (−1)
C [69] . If all the parameters in experiments can be changed adiabatically, it is possible to observe the topological transitions among DIII, D and BDI classes without gap closing [68] .
We finally emphasize that these phases will not be spoiled by the presence of interlayer pairings. We have included all the interlayer pairings in our model (see Methods) and minimize the total free energy F with respect to these parameters. The detailed self-consistent simulation shows that the TR symmetry is always respected. This is due to the phase locking effect between the two layers with real tunnelings. These pairings only slightly modify the real and imaginary part of DetQ discussed in Eq. 9 and Eq. 11, thus DetQ = 0 can always have real solutions in some parameter regimes. Instead, these pairings just slightly modify the topological boundaries without qualitatively influence all the conclusions.
To conclude, the bilayer structure defined in this work provides an experimentally controllable platform to realize new topological protected phases in ultracold atom systems with TR symmetry that belonging to DIII and BDI classes. These phases can be realized using the conventional s-wave interactions, thus is in stark contrast to previous physical proposals based on unconventional pairings. In these models, the fully gapped phase in DIII class is characterized by Z 2 , while all the gapless phases in these two classes are characterized by winding numbers around the topological defects. The phase locking effect between the two layers ensures the realization of mirror symmetry protected gapped and gapless phases. These new phases are expected to greatly enrich our understanding of topological superconducting phases and related transitions.
This novel idea can also be applied to explore the MFs in 1D and the Weyl superfluids in 3D, and their crossover from the Bose-Einstein condensation in the strong coupling limit to the Bardeen-Cooper-Schrieffer in the weak coupling limit [32] [33] [34] [35] [36] , which will be published elsewhere.
Methods Generation of local Zeeman fields in T xy model. The spin-dependent double-well potential in Eq. 3 is essential for the first four models in Table I , which can be realized using the state-of-the-art techniques. Here we follow the basic idea in Ref. [70] . For the cold atom optically pumped from the |J = 1/2 manifold to the |J ′ = 3/2 manifold and in the large detuning limit the rank 2 polarizability tensor takes the following form [70] ,
whereα is a constant that inversely proportional to the detuning. For transparency we first consider two counterpropagating laser beams with momenta ±k and frequency ω along z direction. Then the electric field can be written as
where e 1,2 represent the polarization direction for the two laser beams with field strength E 1,2 , and φ is the relative phase between the two laser beams. Let e 1 = cos( 
where in the second term only the σ z component is nonzero since E and E * lie in the x-y plane. Plugging the expression of E into Eq. 14 we find
where U = − 2 3α E 1 E 2 . Thus these two laser beams create a spin-dependent periodic optical lattice along z direction.
To realize an isolated double-well structure in Fig. 1a , we can apply two extra laser beams along the same direction with momenta ±2k [45, 46] , polarizabilityα ′ , electric field strength
, polarization angle θ ′ and relative phase φ ′ . These four colinear laser beams can create a spin-dependent potential in the following form,
where a shift of z by −φ/2k has been made and δφ = φ ′ −2φ. We plot the band structure in Fig. 1b using the above equation with δφ = 0, which is exactly the ideal potential presented in Eq. 3. In this potential the first part -an even function of z -gives the symmetric double-well potential while the second part -an odd function of z -gives the spin-dependent Zeeman fields. The two layers therefore have exactly opposite Zeeman fields and this feature is independent of the choice of other parameters. We also need to emphasize that a bilayer system with TR symmetry can still be achieved even deviates from this idea condition because five independent parameters -U , U ′ , θ, θ ′ , δφ -can be tuned to ensure just two constraints -t ↑ = t ↓ and Γ 1 = −Γ 2 -in T xy model, which can always be fulfilled in a vast range of parameters. Furthermore the external Zeeman field along z direction, B z σ z , can also contribute to the recovery of TR symmetry.
Self-consistent calculation. The pairings in ultracold atoms is induced by the s-wave scattering between the particles thus should be determined in a self-consistent manner. In the major numerical simulation, we only consider the intralayer pairings by assuming that the interlayer pairings are sufficiently suppressed by the strong barrier between the two layers (see Fig. 1 ). The thermodynamic potential Ω is defined as Z = e
−Ω/T = Tre −H/T . When T → 0 we have
where η < 0 means summation over all the occupied bands with E ηk ≤ 0. The condensation energy should be regularized using the prescription:
, where ǫ b defines the binding energy which can be controlled by the Feshbach resonance. The corresponding free energy used in Fig. 3b is defined as F = Ω + nµ. The order parameters and chemical potential are determined by the extrema of F : ∂F/∂∆ i = 0, ∂F/∂∆ * i = 0 and ∂F/∂µ = 0. In our simulation, the two order parameters are assumed to ∆ 1 e iδθ , and ∆ 2 e −iδθ respectively, where ∆ 1,2 , δθ ∈ R. The global phase has been gauged out, so δθ determines the relative phase between the order parameters in the two layers. There three parameters together with the chemical potential are used to minimize the total free energy F . In our numerical simulation we have assumed k F = √ nπ, where n is the fixed total particle density, and E F = k 2 F /2m. In all our simulation the energy and momentum are rescaled by E F and k F , respectively. We find that in all our numerical simulation δθ = 0, which means that the order parameters between the two layers always have fixed phase. This basic feature, dubbed as phase locking effect throughout this work, is still respected by the presence of interlayer pairings (see below).
Phase separation. The instability of the uniform phases towards the PS phase can be understood from the mixing of two different phases, which is captured by the following mixed free energy [61, 62] ,
where 0 ≤ x ≤ 1 defines the mixing coefficient (see numerical result in Fig. 3d ). The two phases should have the same chemical potential but different pairing strengthes ∆ 1,2 and ∆ ′ 1,2 . We minimize the total mixed free energy F m with respect to all these parameters to map out the PS phase in Fig.  2a . We find that this phase is not favorable in the T x0 model. Topological invariants in the gapless phases. Now we investigate the effect of TR, PH and mirror symmetries on the winding numbers and chiralities for the gapless phases.
(1) We first notice that the off-diagonal matrix Q in Eq. 8 and Eq. 11 have the following properties [17, 18] 
In these models the winding number around a single topological defect is defined as
where k defines the position of the defect and the loop l := |q − k| = r should be small enough to enclose only one defect. We have
We see that the TR symmetry plays a fundamental role in deriving the above results. In fact when TR is broken the Q matrix is no longer well-defined and the topological defects are then destroyed. We do not observe the robust Dirac cones in topological D class phases in all our models in Table I by introducing some TR symmetry breaking terms to Eq. 1.
(2) Next we study the chirality of the topological defect. We assume the defect is located at k with degenerate zero energy eigenvectors ψ ± , where ψ + = Sψ − due to chiral symmetry. Based on these functions we can define two chiral basis φ ± = ψ + ± ψ − , which satisfy Sφ ± = ±φ ± . We assume that H(k + δk) = H(k) + M (δk) in the vicinity of the defect, where M (δk) = δk x M x + δk y M y . The chiral symmetry ensures that SM S † = −M . With these results we readily have φ ± |M |φ ± = 0, and the off-diagonal term,
Notice that ψ + |M |ψ + = − ψ − |M |ψ − and ψ + |M |ψ − = − ψ − |M |ψ + , so the last two terms should be exactly imaginary numbers. Therefore we can assume φ + |M |φ − = a 1 δk x + a 2 δk y + i(b 1 δk x + b 2 δk y ), where a 1,2 , b 1,2 ∈ R. The effective Hamiltonian can be written as
where c i = a i + ib i . The effective Hamiltonian constructed in this way can fully embody the importance of TR symmetry in this model. The chirality for Eq. 23 is defined as
We also find a general relation between these invariants,
We turn to study the topological charge at −k, which also have two degenerate eigenvectors ψ 
For DIII model, η = −1, and φ (3) To understand the origin of the MFBs localized at the boundary of the strip, we consider another integer topological invariant defined as (see Fig. 4b ) [31] ,
where k ⊥ is the direction perpendicular to the strip. If this number is nonzero, it means topological protected edge states with zero energy can be found at the two boundaries. The number of edge states is defined by |W(k )|. Mirror symmetries and mirror winding numbers For the T xy model, M For the T x0 model only the mirror spaces generated by M y is important. For the case studied in the main text, t ↑ = t ↓ = t, α = α ′ and M y 1,2 = −(ǫ y k ± t)σ z ⊗ ρ 0 + Γσ z ⊗ ρ z − k x α ′ σ z ⊗ ρ y − ∆σ y ⊗ ρ y . These two Hamiltonians belong to topological BDI class with TR, PH and chiral symmetries, and the invariant is characterized by Z in 1D.
Since all the above mirror subspaces have chiral symmetry (AIII for T xy and BDI for T x0 ), we assume s α is the chiral symmetry operator for M α (see Eq. 5 and 6), where 
Then the mirror winding number in these mirror symmetric invariant subspaces can be calculated using Eq. 27, in which H and S are replaced by M α i and s α . For T xy model, s x = σ y ⊗ σ z and s y = σ x ⊗ σ 0 ; and for T x0 model s y = σ x ⊗ σ 0 .
There is an important difference between these two models (T xy and T x0 ) thought the definition of mirror winding numbers is exactly the same. In T xy model, the two mirror subspaces M α 1 and M α 2 , which belongs to AIII class in both k x and k y directions, are not independent, but are related with each other by TR and PH symmetries, thus there is just only one independent winding number W α along each direction. In the main text this number is calculated using M 
This energy should be used to replace the last two terms in Eq. 17. The self-consistent numerical sumulation demonstrate that all the conclusions obtained in the main text are still valid in the presence of these interlayer pairings.
